Abstract. This note is inspired by the work of Deligne [De]. We study limit mixed Hodge structures of degenerating families of compact hyperkähler manifolds. We show that when the monodromy action on H 2 has maximal index of unipotency, the limit mixed Hodge structures on all cohomology groups are of Hodge-Tate type.
Introduction
It is well-known that for the study of mirror symmetry it is important to consider families of CalabiYau varieties with "maximal degeneration" at the special fibre. There are several slightly different ways to give the definition of maximal degeneration (cf. [Mor, Definition 3] , [KS, Definition 1] , [De] ), not all of them being equivalent to each other. In any of these definitions the condition is Hodge-theoretic, and concerns the limiting behavior of the corresponding variation of Hodge structures. Presumably the strongest condition was suggested by Deligne [De] : a degeneration of Hodge structures is called maximal, if the corresponding limit mixed Hodge structure is of Hodge-Tate type, i.e. it is an iterated extension of direct sums of Z(k), k ∈ Z.
We study projective degenerations of compact simply-connected hyperkähler manifolds over the unit disc (see Definition 2.1). The main result (Theorem 3.7) states the following: if the monodromy operator γ acting on H 2 is unipotent of maximal index, i.e. (γ − id) 2 = 0 and (γ − id) 3 = 0, then the limit mixed Hodge structures on H k are of Hodge-Tate type for all k. We deduce this result from the generalized Kuga-Satake construction [KSV] , [SS] . The condition of maximal unipotency of monodromy is a priory weaker than maximality in the sense of Deligne. Our result shows that these two notions coincide in the case of hyperkähler manifolds. The key step for understanding the limit mixed Hodge structures of degenerations is the description of the monodromy action on the cohomology ring. We use some deep results of Sullivan and Verbitsky (see [Su, Theorem 13.3] and [Ve3, Theorems 3.4 and 3.5] ) to show that monodromy action on the full cohomology ring is essentially determined by its action on H 2 (see Proposition 3.4).
In the case of maximal degenerations of compact hyperkähler manifolds, one can determine the unipotency indices of the monodromy action on H k . For even k this was done in [KLSV, Proposition 6.18] . We compute the unipotency indices for odd k, see Proposition 3.14. This result applies to degenerations of generalized Kummer type manifolds, since they have non-trivial cohomology groups in odd degrees.
In section 4 we discuss existence of maximal degenerations, showing that such degenerations exist in every deformation equivalence class of compact hyperkähler manifolds with b 2 5 (Theorem 4.6). This result has already appeared in the preprint [To] . We provide a simple independent argument, showing that one can always find a nilpotent orbit (see Definition 4.3) with maximally unipotent monodromy that is induced by a projective degeneration of hyperkähler manifolds.
Degenerations with maximally unipotent monodromy
In this section we recall some well-known facts about compact hyperkähler manifolds and their period domains, for an overview see [Hu] . We also recall necessary facts about degenerations and limit mixed Hodge structures.
2.1. Hyperkähler manifolds. Recall that a compact Kähler manifold X is called simple hyperkähler, or irreducible holomorphic symplectic (IHS), if it is simply-connected and H 0 (X, Ω 2 X ) is spanned by a symplectic form. In what follows we will always assume that X is simple hyperkähler of complex dimension 2n.
Let
Recall that there exists a non-degenerate form q ∈ S 2 V * and a constant c X ∈ Q, such that for all
, where we use the cup product in cohomology. The form q is called Beauville-Bogomolov-Fujiki (BBF) form. We normalize q to make it integral and primitive on V Z , and such that q(h) > 0 for a Kähler class h. Then q has signature (3, b 2 (X) − 3). LetD ⊂ P(V C ) be the quadric defined by q, and D = {x ∈D | q(x,x) > 0}. Given an element h ∈ V Z with q(h) > 0 we will denote: 
After fixing a base point in D, we get an isomorphism
properly discontinuously, and according to Baily-Borel the
) is a quasi-projective variety. We can pass to a finite index torsion-free subgroup
2.2. Degenerations. Denote: ∆ = {z ∈ C | |z| < 1}, ∆ * = ∆\{0}. Given a morphism π : X → ∆ and t ∈ ∆ we write X t = π −1 (t). Remark 2.2. The condition of unipotency is almost automatic: it follows from a theorem of Borel (see [Sch, Lemma 4.5] ), that monodromy of any family becomes unipotent after we pass to a finite ramified cover of ∆. Non-triviality of monodromy excludes the case when π is smooth over the whole ∆. Note that we do not require any of the smooth fibres of π to be isomorphic to X, but only deformation-equivalent to it. One may think that our degenerations represent "boundary points" of the connected component of the moduli space that contains X.
Let π : X → ∆ be a projective degeneration of X. Denote by π ′ the restriction of π to π −1 (∆ * ) and consider the local system V = R 2 π ′ * Z over ∆ * . Fix a base point t ∈ ∆ * , identify H 2 (X t , Z) with V Z and let h ∈ V Z be the class of the polarization. Then V is a variation of Hodge structures (VHS) with fibre V Z , h determines a sub-VHS in it, and q defines a bilinear pairing on V. Let V h be the q-orthogonal complement of h; it is a VHS with fibre V h Z polarized by q. Remark 2.4. There exists a different terminology, used mainly in the case of degenerations of K3 surfaces: the degeneration is of "type II" and "type III" when N has nilpotency index 2, respectively 3, see e.g. [Ku] .
We recall the results of Schmid [Sch] It is easy to check (see e.g. [Ku] ) that for a maximally unipotent degeneration of X the limit MHS (V h , W•, F
• lim ) on the second cohomology is of Hodge-Tate type. This finishes the discussion of the limit MHS on the second cohomology of X. Next, one can apply the above constructions to higher degree cohomology groups. To study their behavior under degeneration, we use the relation between Hodge structures on higher cohomology groups and on H 2 . This will be explained in the next section.
Limit mixed Hodge structures of maximally unipotent degenerations
In this section we fix X, V Z , V and q as above. We consider a projective degeneration π : X → ∆ of X, and assume without loss of generality that X ≃ X t for a fixed base point t ∈ ∆ * . We let h ∈ V Z be the class of the polarization.
3.1. The Mukai extension and the mapping class group. Consider the graded Q-vector spacẽ
, where e i is of degree i, and V is in degree 2. We introduce onṼ a quadratic formq that is determined by the following conditions:q| V = q, e 0 and e 4 are isotropic and orthogonal to V and span a hyperbolic plane, so thatq(e 0 , e 4 ) = 1. We call (Ṽ ,q) the Mukai extension of (V, q). Consider the graded Lie algebra so(Ṽ ,q) and denote by Ξ the generator of the orthogonal algebra of e 0 , e 4 , such that Ξe 4 = −Ξe 0 = 1. Denote by W the Weil operator that induces the Hodge structure on V , i.e. it acts on V p,q as multiplication by
We recall that there exists a representation of graded Lie algebras so(Ṽ ,q) → End(H • (X, Q)), such that: the action of Ξ induces the cohomological grading on H
• (X, Q); the action of W induces the Hodge structures on H k (X, Q) for all k. For the proof we refer to [Ve1] or [KSV, Theorem A.10] .
Recall also, that so(V, q) acts on H • (X, Q) by derivations, and that it acts trivially on all the Pontryagin classes of X (for the first statement see [Ve1, Corollary 13.5] , for the second [Ve3, Theorem 3.5] ). Denote by Aut P (X) ⊂ GL(H • (X, Q)) the group of algebra automorphisms that fix Pontryagin classes of X. We obtain a homomorphism of algebraic groups α : Spin(V, q) → Aut P (X). Let us denote by Aut + (X) the image of α. Note that the action of Aut P (X) on H 2 (X, Q) preserves the form q, since q is determined by the multiplicative structure of the cohomology ring. Hence we have a morphism β : Aut
We get the following commutative diagram of algebraic groups, where the maps α ′ and β ′ are isogenies:
Let MC(X) = Diff(X)/Diff 0 (X) be the mapping class group of X. Here Diff(X) is the group of diffeomorphisms of X, and Diff 0 (X) is the subgroup of diffeomorphisms isotopic to the identity.
Given a Q-algebraic group G we will denote by G Q the group of its rational points. We have a natural representation MC(X) → Aut P (X) Q , the image of which we denote by Γ A . We recall, that according to
Lemma 3.1. The intersection
Proof. Throughout the proof we will use the following observation. Let φ : G 1 → G 2 be a surjective homomorphism of groups with finite kernel, and let 
It is an arithmetic subgroup by [Bor, Theorem 8.9 ], so it is of finite index in Γ 2 . We arrive at the following configuration of groups: Γ
Remark 3.2. The above lemma shows that the action of MC(X) on the cohomology algebra can essentially be recovered from its action on H 2 , up to some elements of finite order, bounded by the index of Γ
3.2. The Kuga-Satake construction. We recall the main result of [KSV] . To a Hodge structure V of K3 type one can associate the Kuga-Satake Hodge structure of abelian type. It is constructed as follows. Let H = Cl(V, q) be the Clifford algebra and let v ∈ V C be the generator of V 2,0 . Define H 0,−1 to be the right ideal vH C (see [SS, Lemma 3.3 
In particular, this is an embedding of Hodge structures.
Main result.
We go back to the degeneration π : X → ∆. The monodromy acting on
) the monodromy operator for the full cohomology algebra.
Proposition 3.4. There exists an integer
Proof. The monodromy operator δ is induced by a diffeomorphism of X t for a base point t ∈ ∆ * . Hence it lies in the image of the mapping class group. The claim follows from Lemma 3.1.
We get the following immediate consequence, that recovers Corollary 3.2 from [KLSV] :
Corollary 3.5. If the monodromy action on H 2 (X, Q) is trivial, then its action on H • (X, Q) is of finite order.
Next we compare the limit MHS on X and the Kuga-Satake abelian variety. 
Proof. The limit mixed Hodge structures do not change if we replace the monodromy operator by its power. Thus we may use Proposition 3.4 and assume that δ = e N , where the exponential is viewed as an element of Spin(V, q). This implies that the embedding from Theorem 3.3 is compatible with the weight filtrations, since they are both induced by the action of N ∈ so(V, q). Next we deal with the limit Hodge filtrations. Let us denote byD X and D X the (extended) period domain for the h-polarized Hodge structures on H
• (X, Q). Analogously,D KS and D KS will denote (extended) period domain for Hodge structures on Λ
• (H * ⊕m ) polarized by a fixed form ω as above (see [Sch] for the description of period domains as subvarieties of flag varieties). After passing to the universal cover of the punctured disc, we get two period mapsφ X :∆ → D X and ϕ KS Proof. Consider the Clemens-Schmid exact sequence of MHS, where ν = (2πi) −1 N :
It follows from Poincaré duality that the MHS on H
is determined by the limit MHS of the degeneration. The claim now follows from Theorem 3.7.
3.4. Unipotency indices of the monodromy action on higher cohomology groups. It was observed in [KLSV, Proposition 6.18] , that for maximally unipotent degenerations of hyperkähler manifolds the index of unipotency of the monodromy action on H 2k (X, Q) equals 2k + 1, where k = 1, . . . , n and as before 2n = dim C (X). We will explain below, that it is also possible to determine the index of unipotency for odd degree cohomology groups, see Proposition 3.14. This applies, in particular, to maximal degenerations of generalized Kummer type manifolds. In this subsection we will briefly write H • for H • (X, C) considered as an so(Ṽ C ,q)-module (see section 3.1). We will use the highest weight theory for the orthogonal Lie algebra (see e.g. [Bou, Chapter VIII, §13] ). Let us fix two elements ξ 0 , ξ 1 ∈ so(Ṽ C ,q) that define the Hodge bigrading on H
• . More precisely, ξ 0 acts on H r,s as multiplication by 1 2 (r + s) − n, and ξ 1 as multiplication by 1 2 (s − r). Next we choose a Cartan subalgebrah ⊂ so(Ṽ C ,q) that contains these two elements and fix a basish = ξ 0 , ξ 1 , . . . , ξ l , where l = ⌊ 1 2 dim V ⌋. Note that h =h ∩ so(V C , q) = ξ 1 , . . . , ξ l is a Cartan subalgebra of so(V C , q). Let ε i denote the dual basis:h * = ε 0 , . . . , ε l .
We recall from loc. cit. the expressions for positive roots and fundamental weights. In the case of odd dim V , the set of positive roots inh * is R + = {ε i | 0 i l} ∪ {ε i ± ε j | 0 i < j l}; the fundamental weights are:
The representation with highest weight ̟ l is the spinor representation.
In the case when dim V is even, we always have l 2, since b 2 (X) 3. Then R + = {ε i ± ε j | 0 i < j l}; the fundamental weights are:
The representations with highest weights ̟ l−1 and ̟ l are the two semi-spinor representations.
The images of ̟ 1 , . . . , ̟ l under the natural projectionh * → h * are the fundamental weights of so(V C , q).
We will denote them by the same letters. One can determine the highest weight of the irreducible so(Ṽ C ,q)-submodule of H • generated by H 0 .
This submodule coincides with the subalgebra of H • generated by H 2 , whose description is well-known, see e.g [Ve1] . The action of so(V C , q) on H 0 is trivial, and the element ξ 0 acts as the scalar −n. It is clear that H 0 is spanned by a lowest weight vector with weight −nε 0 . So the subrepresentation generated by H 0 is of highest weight nε 0 ; it can be described as the kernel of the map S nṼ
C given by contraction withq. Next we would like to determine the possible highest weights of the subrepresentation generated by H 3 .
Lemma 3.10. 
Proof. It follows from Lemma 3.10 and Lemma 3.11 that W 4n−3 is either spinor or semi-spinor representation of so(V C , q). Thus µ is either of the form k̟ 0 + ̟ l or k̟ 0 + ̟ l−1 (when dim(V ) is even), for some k. Then ξ 0 acts on the highest weight vector as k + 1 2 , and since the highest weight vector is contained in W 4n−3 , we have k = n − 2.
Lemma 3.13. Assume that
submodule of highest weight ν, which can be one of the following.
Proof. Let us assume that dim(V ) is odd, the other case being analogous. We pick an irreducible so(Ṽ C ,q)-
We know from Lemma 3.12 that the highest weight of 
Proof. The fact that N 2k = 0 follows from the general result of Schmid [Sch, Theorem 6 .1] and the vanishing of Hodge numbers h 2k+1,0 (X) = h 0,2k+1 (X) = 0.
Let N denote the logarithm of the monodromy acting on H 2 (X, Q). According to Proposition 3.4, we may assume that N is the image of N under the homomorphism so(V, Q) → End(H 2k+1 (X, Q)) (see section 3.1). Let us assume that dim(V ) is odd. By Lemma 3.13, it is enough to consider the representation of highest weight (k − 1)̟ 1 + ̟ l , and to prove that N 2k−1 acts non-trivially on it.
We can choose two isotropic subspaces U = e 1 , . . . , e l ⊂ V C and U ′ = e ′ 1 , . . . , e ′ l ⊂ V C and an element e l+1 orthogonal to them, so that q(e i , e
We may moreover assume (see [SS, proof of Proposition 4.1] ) that this decomposition is compatible with N in the sense that N = e ′ 1 ∧ (e 2 + e ′ 2 ), where we use the identification so(V C , q) ≃ Λ 2 V C . We also choose the Cartan subalgebra of so(V C , q) corresponding to this decomposition (see [Bou, Chapter VIII, §13] ). Denote by P i the so(V C , q)-module of highest weight i̟ 1 . Then P i is a subrepresentation of S i V C , and it is generated by the highest weight vector e i 1 . Note that N e 1 = −e 2 − e • U , and we see that N u = e 3 ∧ . . . ∧ e l = 0.
The element e 
Existence of degenerations with maximal unipotent monodromy
In this section we fix a hyperkähler manifold X as in section 2.1, and assume moreover that b 2 (X) 5. This condition is satisfied for all known families of hyperkähler manifolds. Our goal is to show that X admits a projective degeneration in the sense of Definition 2.1, such that the monodromy operator γ ∈ O(V Z , q) is of the form γ = e N , N ∈ so(V, q) with N 2 = 0, N 3 = 0.
The construction consists of two steps. First, we find a nilpotent operator N that satisfies the above conditions and prove that there exist sufficiently many nilpotent orbits (see Definition 4.3). Second, we show that one can find a nilpotent orbit that corresponds to a projective degeneration of X. 4.1. Nilpotent orbit. We fix V Z , V , q as in section 2.1. Recall that the signature of q is (3, dim(V ) − 3). Given an element h ∈ V , V h denotes its orthogonal complement. We recall the definition of a nilpotent orbit from [Sch] . The condition of Griffiths transversality is satisfied automatically in our case, so we do not include it. Proof. Surjectivity of the period map for hyperkähler manifolds implies that we can find a deformation of X whose period is contained in D h . Let Y be such a deformation. We can also assume that the Picard group of Y has rank one. We fix an isomorphism
The manifold Y is projective by [Hu, Theorem 3.11 ] (see erratum to that paper for the correct proof), and after replacing h by its multiple we can assume that h = We can replace it by the universal coveringS, and the period map ρ then factors through q ′−1 (S). 
